Abstract. In this note, we consider connected graphs with exactly two main eigenvalues. We will give several constructions for them, and as a consequence we show a family of those graphs with an unbounded number of distinct valencies.
Introduction
Let G be a simple graph with vertex set V and (0, 1)-adjacency matrix A. By an eigenvalue (resp. eigenvector ) of a graph, we mean an eigenvalue (resp. eigenvector) of its adjacency matrix A. The largest eigenvalue of G is called the spectral radius of G and denoted by ρ. We denote the all-ones matrix, the identity matrix and the all-one vector by J, I and j respectively. An eigenvalue µ of A is said to be a main eigenvalue of A, if there exists an eigenvector of A corresponding to µ not orthogonal to j. Also, µ is called non-main, if for any eigenvector x of A corresponding to µ, x is orthogonal to j. Note that, for a connected graph G, the spectral radius ρ is always a main eigenvalue by the Perron-Frobenius Theorem (See [3, Theorem 8.8 .1]). We refer the reader to the survey on main eigenvalues of graphs by Rowlinson [13] .
A long-standing problem posed by Cvetković [2] is to characterize graphs with exactly k (k ≥ 2) main eigenvalues. Note that a graph G has exactly one main eigenvalue if and only if G is regular [2] . Hagos [9] gave a characterization of graphs with exactly k main eigenvalues. He showed: Theorem 1.1. [9, Theorem 2.1] Let G be a graph and k ≥ 1 be maximal such that j, Aj, . . . , A k−1 j are linearly independent. Then G has exactly k main eigenvalues.
Now we turn to the case where G has exactly two main eigenvalues. Theorem 1.1 states that j and Aj are linearly independent and that j, Aj and A 2 j are linearly dependent. If we denote d := Aj, then this means that there are real numbers α, β such that Ad = αd + βj, and G is not regular. Such a graph G is called 2-walk (α, β)-linear in [4] . Hagos [9] showed the following relation.
Proposition 1.2. [9, Corollary 2.5] Let G be a connected 2-walk (α, β)-linear graph. Then the two main eigenvalues of G are µ 0 and µ 1 , where
In view of the above definition, the following questions arise: Question 1.3. Let α, β be integers such that α ≥ 0. Then (i) For which (α, β) does there exist a connected 2-walk (α, β)-linear graph? (ii) How many different valencies can a 2-walk (α, β)-linear graph have? (iii) How many connected non-isomorphic 2-walk (α, β)-linear graphs exist for given α, β?
In view of Question 1.3(i), Lin and Qiongxiang [10] showed the following existence result. In Section 2, we will give constructions of 2-walk (α, β)-linear graphs for all pairs (α, β) satisfying the conditions of Proposition 1.4. Regarding Questions 1.3(ii)-(iii), we will show that if for fixed α, β, there exists one connected 2-walk (α, β)-linear graph, which is not a tree, then there exist infinitely many pairwise non-isomorphic 2-walk (α, β) linear graphs. Also, we will show that connected non-bipartite 2-walk (α, β)-linear graphs exist with exactly two valencies for infinitely many values of (α, β). This shows that the question of Cvetković to characterize graphs with two main eigenvalues is very difficult. Now we will discuss harmonic graphs. We call a graph δ-harmonic, if Ad = δd holds. Note that, connected δ-harmonic graphs with δ = 0, 1 are regular. A graph G is harmonic if it is δ-harmonic for some positive integer δ. Note that a regular graph is harmonic. Also, the disjoint union of a harmonic graph and an isolated vertex is harmonic. The harmonic trees were determined by Grünewald [8] . He showed that they are exactly the complete graphs K 1 , K 2 and T λ where λ ≥ 2 is an integer and T λ is the tree with one vertex v of valency λ 2 − λ + 1, and any neighbour of v has valency λ and the remaining vertices have valency 1. The tree T λ is λ-harmonic with λ ≥ 2. Note that non-regular connected harmonic graphs are exactly the 2-walk (α, 0)-linear graphs. The following result, which follows from Proposition 1.2, gives an alternative characterization of non-regular harmonic graphs in terms of their main eigenvalues. Non-regular 2-walk (α, β)-linear trees are characterized in [5] , whereas nonregular connected 2-walk (α, β)-linear graphs with a small number of cycles are studied in [4] , [6] , [7] and [1] .
The following result characterizes the connected 2-harmonic graphs, which is shown by Grünewald [8] .
Then G is either a cycle or the tree T 2 .
Equitable graphs
In this section, we will construct graphs with at most r main eigenvalues by using equitable partitions of graphs. We first recall some definitions which will be used in this section.
A graph G is called t-valenced if it has exactly t distinct valencies k 1 , . . . , k t . We call G a biregular graph when t = 2. Assume that G has t distinct valencies k 1 , . . . , k t . We write
Clearly the subsets V i partition the vertex set of G and this partition is called the valency partition of G. Let π = {π 1 , . . . , π t } be a partition of the vertices of G, where
x for the number of neighbours of x in π j . Then we write
x for the average number of neighbours in π j of vertices in π i . The matrix B π := (b ij ) is called the quotient matrix of π and π is called equitable if for all i and j, we have d
An equitable biregular graph is a biregular graph whose valency partition is equitable. We refer the reader to Godsil and Royles's book [3, Chapter 9] for the necessary background on equitable partitions.
The following result was essentially shown by Cvetković [2] . It gives a sufficient condition for a graph to have at most r main eigenvalues. Theorem 2.1. (Cf. [2, Theorem 3] .) Let G be a connected graph and π be an equitable partition of G. Let Q be the quotient matrix of π, say with exactly r distinct eigenvalues. Then
(1) G has at most r main eigenvalues. In particular, the following holds:
(a) If G is equitable and t-valenced, then G has at most t main eigenvalues; (b) If, moreover G is equitable and biregular, then G has exactly two main eigenvalues.
Proof. Assume π = {π 1 , . . . , π t }. Let P be the |V (G)|×t matrix with characteristic vectors (χ(p i )) of blocks of π as its columns. Let σ 1 , σ 2 . . . , σ t be the distinct
v i , where j is the all-ones vector of length t and
where j is the all-ones vector of length |V (G)| and w i = P v i is an eigenvector of A corresponding to σ i (1 ≤ i ≤ r). Thus G has at most r main eigenvalues.
(1) implies (a) as the valency partition is equitable and its quotient matrix has at most t distinct eigenvalues. Moreover, if G is equitable biregular, then the number of main eigenvalues can not be one. Thus, G has precisely two main eigenvalues. Remark 2.2. For λ ≥ 2, the tree T λ (as introduced in Section 1) is equitable and has three distinct valencies, but only two main eigenvalues. This shows that you can have less than r main eigenvalues in Proposition 2.1. On the other hand in view of Proposition 1.4, we only need to consider the case where α 2 + 4β = 4. Let Q be a 2 × 2 matrix such that all entries are non-negative integers, q 12 , q 21 are positive, tr(Q) = α and det(Q) = −β = ( 
shows that for the possible pairs of (α, β) for which there exists a 2-walk (α, β)-linear graph (see Proposition 1.4), there exists an equitable 2-walk (α, β)-linear graph.
Seidel matrix, switching classes and regular two-graphs
In this section, we study the Seidel matrix of a graph, switching classes and regular two-graphs.
We call a regular graph strongly regular if there are constants λ and µ such that every pair of distinct vertices has λ or µ common neighbours if they are adjacent or non-adjacent respectively. The Seidel matrix S of a graph, with adjacency matrix A, is defined by S = J − I − 2A. A strong graph is a graph such that its Seidel 1 The cone over a graph G is the graph with vertex set {∞} ∪ V (G) such that ∞ is adjacent to all vertices of G. When G is not specified, we call it a cone. matrix S satisfies S 2 ∈ S, I, J , where . . . denotes the R-span. Seidel [15] showed that: Proposition 3.1.
[15] Let G be a graph with Seidel matrix S. Then G is strong if and only if at least one of the following holds:
(i) G is strongly regular.
(ii) S has exactly two distinct eigenvalues.
Let σ = {U, V − U } be a bipartition of the vertex set V of G. The graph G σ with vertex set V is obtained from G as follows: if x, y are two distinct vertices of V such that if x, y ∈ U or x, y ∈ V − U , then x ∼ y in G σ if and only if x ∼ y in G and if | {x, y} ∩ U |= 1, then x y in G σ if and only if x ∼ y in G. In other words, the edges and non-edges between U and V − U have been switched. We call G σ the graph obtained from G by (Seidel) switching with respect to σ. It is well-known that the spectra of S(G) and S(G σ ) are the same. The switching class or two-graph [G] of G is the set {G σ | σ is a bipartition of the vertex set of G possible with one part empty}.
Note that switching induces an equivalence relation on graphs, with switching classes as its equivalence classes. We say that the two-graph [G] is regular if the Seidel matrix S(G) has exactly two distinct eigenvalues. Note that if the number of vertices of G is at least two, then the Seidel matrix S(G) has at least two eigenvalues. The regular two-graphs containing a complete graph or an empty graph are called trivial. The graphs in regular two-graphs are examples of strong graphs. We refer to the detailed survey on two-graphs by Seidel [14] . (i) If G is regular, then it is a strongly regular.
(ii) If G is not connected, then it is a disjoint union of an isolated vertex and a strongly regular graph.
m1−1 of which µ 0 and µ 1 are main eigenvalues and θ 0 , θ 1 are non-main eigenvalues. Main eigenvalues µ 0 , µ 1 are uniquely determined by θ 0 , θ 1 , m 0 , m 1 , n and the number of edges.
2r endowed with a non-degenerate symplectic bilinear form, where r is a positive integer. Let G be the graph with vertex set V and u ∼ v if u, v = 0. The switching class [G] is known as the symplectic two-graph; and it is regular with the two Seidel eigenvalues ±2 r−1 . It is clear that graph G has 0 as an isolated vertex. The other component of G is known as the symplectic graph Sp(2r), which is strongly regular with parameters (2 2r − 1, 2 2r−1 , 2 2r−2 , 2 2r−2 ). In Table 4 , which is slight modification of [16, Table 5 .1], all non-regular graphs in the switching classes of symplectic two-graph on 16 vertices are listed. Also, the possible values of (α, β) (first column) for which it is 2-walk (α, β)-linear graph, main eigenvalues (second column), sequences of valencies (third column), and how many times each of these occur (last column) are listed. Note that the same sequence of valencies can be shared by non-isomorphic graphs.
Van Dam et al. [16] used a result of Vu [17] to show the following result.
Theorem 3.3. [16, Theorem 5.1] Let t ≥ 3, and H be a graph on n vertices with t distinct valencies. Then there exists a connected graph G on at most 2 n+2 vertices with four distinct eigenvalues and at least t distinct valencies, having H as an induced subgraph.
In [16] , the graph G in the above theorem is taken such that the switching class [G] is the symplectic regular two-graph coming from Sp(2r), with r = . This shows that the graph G has exactly two main eigenvalues, and hence we have: Theorem 3.4. Let t ≥ 3, and H be a graph on n vertices with t distinct valencies. Then there exists a connected graph G on at most 2 n+2 vertices with exactly two main eigenvalues and at least t distinct valencies, having H as an induced subgraph. As we already showed that for every integer δ ≥ 3, there exists a connected equitable biregular δ-harmonic graph and for every t ≥ 1, there exists a connected 2-walk (α, β)-linear graph with at least t valencies, we wonder wether the same is true for harmonic graphs. Therefore, we would like to ask the following question: Question 3.6. For every t, does there always exist a harmonic graph with at least t valencies?
We think this is true. Note that a graph G, whose switching class [G] , is a nontrivial regular two-graph and has the same number of edges as a graph H, in [G], having an isolated vertex as one of its connected components, is always harmonic. In the symplectic two-graph on 16 vertices, there are 8-harmonic graphs with 16 vertices and 4 distinct valencies, see Table 4 .
Constructing infinite families
In this section, we show that if for fixed α, β, there exists one connected 2-walk (α, β)-linear graph, which is not a tree, then there exist infinitely many pairwise non-isomorphic 2-walk (α, β) linear graphs. As a consequence, we show that there exist infinitely many non-isomorphic harmonic graphs.
Let G and H be two non-regular 2-walk (α, β)-linear graphs. Assume that G and H have respective edges e = xy and f = uv, where G − e and H − f are connected, such that d x = d u and d y = d v . Construct a graph L from the disjoint union of G and H by replacing the edges xy and uv by xv and yu respectively. Then L is connected, non-regular and 2-walk (α, β)-linear (see FIGURE 1) . We can start with G ∼ = H, x = u and y = v to obtain an infinite family of connected non-regular 2-walk (α, β)-linear graphs. Note that this infinite family has unbounded diameter as the maximal valency does not change. Similar operation can be used to obtain an infinite family of harmonic graphs. If you start with a harmonic graph and by using operation explained in FIGURE 1, we can construct an infinite family of harmonic graphs. It is worthy to remark that this construction can be easily modified to construct many of these graphs.
The following result shows that if there exists a connected 2-walk (α, β)-linear graph, which is not a tree, then there exists an infinite family of (finite) connected 2-walk (α, β)-linear graphs with unbounded diameter. (i) If G is a connected graph, which is not a tree, with exactly two main eigenvalues, then it is always possible to construct an infinite family of graphs with same two main eigenvalues and unbounded diameter.
(ii) Let G be a connected δ-harmonic graph, which is not a tree, then there exists an infinite family of finite connected δ-harmonic graphs with unbounded diameter.
The following result of Mu-huo and Liu [11] is an easy consequence of Theorem 4.1. 
